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X-Ray Production
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Radiative transfers < Characteristic x-ray
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Prince and Links 2005

TT Liu, BE280A, UCSD Fall 2007




X-Ray Spectrum
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Interaction with Matter
Typical energy range for diagnostic x-rays is below 200
keV.
The two most important types of interaction are photoeletric
absorption and Compton scattering.
— Photoelectric effect
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http://www.eee.ntu.ac.uk/research/vision/asobania

X-Ray Imaging Chain
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Attenuation

Photoelectric effect : Compton Scattering
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Intensity
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Intensity
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I= f:S(E’)E’dE’
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Attenuation

n = uNAx photons lost per unit length

u= % fraction of photons lost per unit length

dN
AN=-n — —=-uN —— N(x)=Ne™
dx

For mono-energetic case, intensity is

I(Ax) = Ie™™
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Attenuation

Inhomogeneous Slab
dN X ’ ’
T -w(x)N —— N(x)=N, exp(—fou(x )dx )
I(X) = 10 CXp(_f:M(x’)dxr)

Attenuation depends on energy, so also need to integrate
over energies

I(x) = f:SO(E')E’exp(—f:u(x’;E’)dx’)dE’
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T T

Background intensity — A = N, exp(—x) X "
___» B=Nyexp(—u(x + 2)) L

Object intensity |
A B
Contrast ~ c-2-4 (A) X-ray Imaging
Bushberg et al 2001

_ Noexp(-p(x + 2)) - Ny exp(-pex)
Ny exp(—u(x + 2)) + Ny exp(—ux)

o _B-A
Subject/Local oA
_ Nyexp(-u(x + 2)) - Ny exp(-px)
Contrast - Ny exp(—ia)
=exp(-uz) -1
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X-Ray Imaging Geometry
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Inverse Square Law

Inverse Square Law
= I s | e Y ‘
0 4]1,’d2 . Detector ‘

origin

1 e -
Id(x,y)=4nsr2 where 1 = x> + y? + d*
I,d* k :
=0 = IO cos’ 0 - Prince and Links 2005
r
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Obliquity Factor

Obliquity Factor

1,(x,y)=1,cos0 ‘

=4
Line : detecto
A alcos@ .. k/f’ S i

T

Prince and Links 2005

s=0 §

origin
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X-Ray Imaging Geometry
Beam Divergence and Flat Panel

I =1I,cos’6

Example: Chest x -ray at 2 yards with 14x17 inch film.

Question: What is the smallest ratio I, /I, across the film?

r,=V7"+8.5% =11
d

1 _ cos’ 0 =0.966

0

cosf = =0.989
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Anode Heel Effect

gCatho

Anode side Cathode side
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http://www.animalinsid radphys/chapters/Lect2.pdf
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Compensation Filters

Prince and Links 2005
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Path Length

L
0
X-ray
origin
Prince and Links 2005 L

L' =L/cosO

I,(x,y)=1, cos’ Bexp(—uL/cos0)
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Magnification of Object Magnification of Object

<-— Focal Spot
‘ ‘ M= 15 1(xy) = t(x,y)
S [l |-— Detector
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" Source to Object Distance (SOD)
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Field of view

source

X-Ray Imaging Equation I

At z =d there is no magnification, so P
Diaphragm projection
(a)
I,(x,y)=1,co0s’ 0-exp —fu(s)ds/cos@
Ly, . }pmm

3
=1,cos” 0-t,(x,y) o

where 7,(x,y) is the transmittivity of the object at distance z

el }Pcnumbra

In general, with magnification ‘"’

3
L(xy)=lcos 0 1.(x/M(z).y/M) po—
Extended pemmmmmm
source R
<= | Edge blurring object projection (with
magnification). (b) Penumbra

Diaphragm at edges of field of view due
) . to extended source. (c)

Prince and Links 2005 Blurred object edges due to
T Liu, BE280A, UCSD Fall 2007 TT Liu, BE ©  Prince and Link 2005 extended source.

Figure 5.18
Effects of extended source.
(a) Ideal field of view and
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Image of a point object
1,(x,y) = ks(x/m,y/m)

ffks(x/m(z),y/m(z))dxdy= constant
1
m*(z)

=k=

s(x/m,y/m) &)

m O

I,(x,y) = lim

=06(x,y)
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s(x,y)

O

s(x,y)

O

Image of arbitrary object

t(x,y)

(5L

hn(l)ld(x’y) = t(x’y)

t(x.y) m=1

G 1,(x,y)=27?

3
Id(x,y)=&2623(x/m,y/m)**t(x/M,y/M)
4md m

TT Liu, BE280A, UCSD Fall 2007

Convolution
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Film-screen blurring
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= Sieneox
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3
cos” 6 o -
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Signals and Images
Discrete-time/space signatimage: continuous valued
function with a discrete time/space index, denoted as
s[n] for 1D, sfm,n] for 2D , etc.

n
1L )
m

Continuous-time/space signatimage: continuous
valued function with a continuous time/space index,
denoted as s(z) or s(x) for 1D, s(x,y) for 2D, etc.
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Kronecker Delta Function

{1 forn=0
on] =

0 otherwise

d[n]

O[n-2]
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Kronecker Delta Function

1 form=0,n=0
olm,n] = .
0 otherwise
8[m,n] d[m-2,n]
8[m,n-2] S[m-2,n-2]

3 3
1 1
1 1
3 3
3 a1 3 3 1 o1 3
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Discrete Signal Expansion
glnl= Y glk1d[n - k]

k=—o0

glm,n]= i i glk,[)6lm - k,n - 1]

k=00 [=—20

d[n]
g[n] ] N
X -8[n-1]
L
‘1.56[11—2]
n

0
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2D Signal
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Image Decomposition

glm,n] = adlm,n]+ bé[m,n —1]+ cd[m - 1,n] + dd[m - 1,n 1]

=3 glk.1Blm - k.n— 1]

k=01=0
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Dirac Delta Function

Notation :

6(x) - 1D Dirac Delta Function

8(x,y) or *8(x,y) - 2D Dirac Delta Function
8(x,y,z) or *8(x,y,z) - 3D Dirac Delta Function

6(F) - N Dimensional Dirac Delta Function
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1D Dirac Delta Function

d(x) = O0Owhenx=0 and ff d(x)dx =1
Can interpret the integral as a limit of the integral of an ordinary function
that is shrinking in width and growing in height, while maintaining a

constant area. For example, we can use a shrinking rectangle function

such that f:é(x)ﬂbc =1in‘1)f:r"H(x/r)dx.

-172 172

2D Dirac Delta Function

8(x,y) = 0 when x> + y* = 0 and f;fié(x,y)dxdy =1

where we can consider the limit of the integral of an ordinary 2D function

that is shrinking in width but increasing in height while maintaining constant area.

fif;é(x,y)dxdy =li£r01f:f;r'ZH(x/‘r,y/r)dxdy.
Useful fact: 8(x,y) = 3(x)d(y)

]
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Generalized Functions

Dirac delta functions are not ordinary functions that are defined by their
value at each point. Instead, they are generalized functions that are defined

by what they do underneath an integral.

The most important property of the Dirac delta is the sifting property
f:é(x - X,)8(x)dx = g(x,) where g(x) is a smooth function. This sifting
property can be understood by considering the limiting case

lim ST (x/7)g(x)dx = (x,)

g(x)

Area = (height)(width)= (g(x,)/ T) T = g(x,)

Xo
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Representation of 1D Function

From the sifting property, we can write a 1D function as

g(x)= f: 8(5)d(x - §)dE. To gain intuition, consider the approximation

® 1 (x-nAx
g(x) = 2,,:,mg("M>§H(7M )Ax

g(x)
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Representation of 2D Function

Similarly, we can write a 2D function as
g = [ [ gEmS(x-Ey - n)dEdn.

To gain intuition, consider the approximation

gy =y > g(nAx,mAy)in( = "Ax)in(iy —mAy )AxAy.

Ax

Ay

Ay
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Impulse Response

Intuition: the impulse response is the response of
a system to an input of infinitesimal width and
unit area.

Original
Image Blurred Image

Since any input can be thought of as the
weighted sum of impulses, a linear system is
characterized by its impulse response(s).
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(A) Point Stimulus (B) Isotropic PSF  (C) Non-Isotropic PSF

Contrasting Wire

(D) Tomographic Image (E) PSF
Bushberg et al 2001
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Full Width Half Maximum

Figure 3.6
An example of the effect of
system resolution on the
ability to differentiate two
points. The FWHM equals
the minimum distance that
the two points must be

separated in order to be
distinguishable.

Prince and Link 2005

(FWHM) is a measure of resolution.

Impulse Response

The impulse response characterizes the response of a system over all space to a

Dirac delta impulse function at a certain location.

h(x,:8) = L[8(x, - €)] 1D Impulse Response
h(x,.y,:Em) = L[ 8(x, - &y, -1)] 2D Impulse Response

Y2

v, h(x,,y,:5.m)

Impulse at §,n
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Pinhole Magnification Example

_by
a

In this example, an impulse at (&,1) will yield an impulse
at (m& mn) where m =-b/a.
Thus, h(x,,y,:E1)= L[é(x1 -Ey, - 17)] =8(x, - m&,y, — mn).
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