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Projection Slice Theorem

G(p.0) = [~ g(LO)e " dl
= fifif;f(x,y)@(xcose+ ysin® - De™*™ dx dy dl
_ f: f;f(x,y)esz”p(m’se +ysin0) 7o dy
=Fu[f(xy)]

u=pcosf,v=psinO

2-D Fourier transform

v

f(x,y) Fu, v)

a 1-D Fourier transform
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Signals and Images

Discrete-time/space signalimage: continuous valued
function with a discrete time/space index, denoted as
s[n] for 1D, s[m,n] for 2D , etc.

il . Eﬂ

m
Continuous-time/space signalimage: continuous

valued function with a continuous time/space index,
denoted as s(z) or s(x) for 1D, s(x,y) for 2D, etc.
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1D Signal Decomposition
{2,0,2,0} =2-{1,0,0,0} + 0-{0,1,0,0} + 2-{0,0,1,0} + 0- {0,0,0,1}

{2,0,2,0} = a- {1111} + b+ {1,0,-1,0} + ¢ - {0,1,0,~ 1} + d - {,-L,L, -1}

J__TUJ__TT_JT%

{2,0,2,0} = 1- {LLL1} +0-{1,0,-1,0} + 0+ {0,1,0,- 1} + 1- {1, - 1,1~ 1}
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1D Signal Decomposition

{2,—2,2,—2} =2-{1,0,0,0} -2-{0,1,0,0} + 2-{0,0,1,0} - 2- {0,0,0,1}

{2,-2,2,-2} =0- {1,111} + 0+ {1,0,-1,0} + 0- {0,1,0,- 1} + 2- {1, - L1~ 1}
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Eskimo Words for Snow

tlapa powder snow

tlacringit snow that is crusted on the surface

kayi drifting snow

tlapat still snow

klin remembered snow

naklin forgotten snow

tlamo snow that falls in large wet flakes

tlatim snow that falls in small flakes

tlaslo snow that falls slowly

tlapinti snow that falls quickly

kripya snow that has melted and refrozen

tliyel snow that has been marked by wolves

tliyelin snow that has been marked by Eskimos

tlalman snow sold to German tourists

tlalam snow sold to American tourists

tlanip snow sold to Japanese tourists

tla-na-na snow mixed with the sound of old rock and roll
from a portable radio

depptla a small snowball, preserved in Lucite, that had been handled

by Johnny Depp

http://www.mendosa.com/snow. html
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Image Compression
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Image Decomposition
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2D Image
al O 0| b
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A b 0/ 0 0 0
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_ Basis Functions Coefficients

121 172 12| -1/2
121172 12| -1/2
121 172 172 |-1/2
-1/2 -1/2 -172{1/2
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1D Fourier Transform
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The Fourier Transform

Fourier Transform (FT)

G(f)= [ gwe " dr = F{g(n}

Inverse Fourier Transform

g0 = [~ G(Hre”"df = F{G(f)}
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Complex Numbers
j=A-1

=2
(3+2)3-2))="

2
j =-1
(3+2/)3-2j)=9-4j>=13
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Complex Numbers

z=2+1j
Imaginary
y Z=Xx+)y ‘Z‘= [22+ =\/§
2
41
0 . 0 =tan | — | =30 degrees
x Real 2
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Euler’s Formula

eje = cosO + jsinH Imaginary
) 0 /s/ii{'éf
z=x+jy=|z]e / 1
“ 6

t—_ e’ =cosB + jsin@

\

N i
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1D Fourier Transform

G(k,)= }g(x)exp(—jZﬂkxx)dx

—

= }g(x)cos(Zﬂkxx)dx - j}g(x) sin(2mk x)dx

The part of g(x) that "looks"  The part of g(x) that "looks"

like cos(27k x) like sin(27k x)

AN [
\J ‘ \V v V
1/k, 1/k,
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Units

Temporal Coordinates, e.g. ¢ in seconds, fin cycles/second
G(f)= f_z g(De 7 dt Fourier Transform

g()= f : G(f)e’ 2"f’df Inverse Fourier Transform

Spatial Coordinates, e.g. x in cm, k, is spatial frequency in cycles/cm

G(k,) = f :g(x)e'fz”k‘*dx Fourier Transform

g(x)= f _Z G(kvt)e"‘ Z‘ﬂ”dlg Inverse Fourier Transform
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2D Fourier Transform

Fourier Transform

Gk, k) = Flg(e.y)] = [ [ sCoye = axay

—w -

Inverse Fourier Transform

gy = [ [ Gl ke’ "k ik,

—o0 —o0
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Plane Waves

e./'ZJr(kXX‘rkv,v)

= cos(2n(k}x + kyy)) + jsin(Zrc(kxx + kyy))

1
NS

cos(2mk, x) cos(2nkyy) cos(2mk, x +2nkyy)

1/k,
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up=1,0= u=2,5=0

uy=4,29="0

NN

=4v=1 uy=4,9=2

o= 4,v,= 14

Figure 2.5 from Prince and Link
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k-space

Image space

k-space

«—>

. k
Fourier Transform
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Plane Waves

AABC ~ ABDC
AC_ 4B
BC BD

1r
k. k,
BD= ABEC - —en

AC 1
e
c 2K

k,
6 = arctan| =
k/\

1

k2 +k:

y
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Examples
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Examples

(c) spike off-center in ky
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Computing Transforms
FO(x) = [~ 8(x)e ™ dx =1

F((x - x,)) = f_o;é(x —x,)e P dx = gm0

F(H(x)) = fl/ze'ﬂ”k‘xdx

-1/2

o _ g,

—Jj2rk,

_ sin(sk ) —sinc(k)
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Computing Transforms

F()= [T ™ dx =77

Define h(k,) = f "™ dx and see what it does under an integral.

[ Gk n(k,)dk, = [~ G(k,) [ e dxdk,
= [ LGk ) dk dx

= fig(—x)dx
=G

Therefore, F(1) = f_a:oe’j 2y = 8(k,)
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Computing Transforms

Similarly,

Fe”™} = 8(k, - k,)
F{cos2mkyx} = %(5(/@ —ky) + Ok, +ky))
F{sin2nk,x} = %(5(& —ky) = 8(k, +ky))
J
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Examples

gxy) =l+e ™
Gk, k,) = 8(k .k, )+ 8k, + a)d(k,)

J2may

g(x,y)=1+e
Gk, .k,) = 5(k‘,k)_) +0(k, )5(1(), -a)
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Examples

7

<+—>

Z

g(x,y) =cos(2u(ax + by))

Gk, .k,) = %6(1@ -a)d(k, -b)+ %6(1@ +a)d(k, +b)
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Examples

G(k,.k,)=0(k,.k,)+
Ok, + c)é(ky) +
Ok, )o(k, - d) +

%5(/3 -a)o(k, -b) + %6(& +a)d(k, +b)

glx,y) ="
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Basic Properties
Linearity
Flag(x,y)+ bh(x,y)] = aG(k,.k,) + bH(k,.k,)

Scaling

1 [k, k
F[g(ax,by)] = MG(;“,Z‘)
Shift

F[g(x = a,y-b)] = Glk,.k e *"8h?

Modulation

Flg(eye™ "= Gk, - ak, ~b)
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Linearity

The Fourier Transform is linear.

F{ag(x) + bh(x)} =aG(k,)+bH(k,)

Flag(x,y) +bh(x,y)] = aG(k,.k,) + bH(k,.k,)
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Scaling Theorem

1 [k
F{g(ax)} = M G(;‘) F[g(ax,by)]

L ofke
‘ab‘ a b

-1 -0.5 0 05 1 -1 -0.5 0 05
X X
() sinck,) (d) sincik /3)/3
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Separable Functions

g(x,y) is said to be a separable function if it can be

written as g(x,y) = gy (*)gy (¥)

The Fourier Transform is then separable as well.

Glkk) = [ [ gCeye™ ) dxay

— fgx(x)eijz"k“‘dxfgy(y)eiﬂﬂk“"dy
= Gx(k‘)Gy(k“,)

Example
g(x,y) =H()II(y)
G(k,.k,) = sinc(k,)sinc(k,)
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Example (sinc/rect)

Example
g(x,y) =TI(OI(y)
G(k,.k,) = sinc(k,)sinc(k,)

Example (sinc/rect)

50 100 150 200 250 50 100 150 200 250

50 100 150 200 250 50 100 150 200 250

172
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-12 T
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8(x,y) =98(x,y) = 6(x)d(y)
Gk, k) =1

8(x,y) = 8(x)
G(k,.k,) = 8(k,) !
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Duality

Note the similarity between these two transforms

Fle?™} =o(k, - a)
F{é(x - a)} = g /3

These are specific cases of duality

F{G(0)} = g(-k,)
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Application of Duality

< SINMTX  _ipm
e =77

F{sinc(x)} = f

I

Recall that F{II(x)} = sinc(k,).
Therefore from duality, F {sinc(x)} =TI(-k,) =TI(k,)
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Shift Theorem
Flg(x-a)} = G(k,)e™ 2™
F[g(x —ay- b)] =Gk .k, )e—j2n(k\a+k‘b)

Shifting the function doesn't change its spectral content, so
the magnitude of the transform is unchanged.
Each frequency component is shifted by a. This corresponds
to a relative phase shift of

- 2ma/(spatial period) = -2mak,
For example, consider exp(j2zk x). Shifting this by a yields
exp(j2mk, (x — a)) = exp(j2mk, x)exp(-j2mak,)
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